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I. INTRODUCTION
The study of changes in picture properties resulting from changes in scale has been accelerated by Mandelbrot's work on fractals [ 4 ] , [ 5] . A theoretical fractal object is self-similar under all magnifications, and property changes when undergoing scale changes are limited; doubling resolution, for example, will always yield an identical change, regardless of the initial scale.
One of the important properties of fractal objects is their surface area. For pictures, the area of the gray level surface has been measured at different scales. The change in measured area with changing scale was used as the "fractal signature" of the texture, and signatures were compared for texture classification. Treating the areas of the upper side and lower side of the gray level surface separately resulted in interesting variations on this method. These variations, along with the method used for scale change, are discussed in the following sections.
Earlier results on texture analysis using fractal techniques are reported by Nguyen and Quinqueton [ 9 ] and Pentland [ 6 ] .
While Nguyen and Quinqueton use only one-dimensional fractal analysis along a space filling curve, Pentland performs full twodimensional analysis. Pentland used statistics of differences of gray levels between pairs of pixels at varying distances as indicators of the fractal properties of the texture. Under the assumption that textures are fractals for a certain range of magnifications, he obtained good classification results based on the computed fractal dimension. Related work on multiresolution texture analysis using pyramids is reported by Larkin and Burt [ 2] , and general discussion on texture analysis can be found in [ 3 ] , [ 7 ] , [8] . The texture pictures in this correspondence were taken from Brodatz [ 1 ] .
II. THE AREA O F THE GRAY LEVEL SURFACE
Measuring the area of the gray level surface is based on methods suggested by Mandelbrot [5] for curve length measurements.
A. Measuring Curve Length
The following methods are described by Mandelbrot for measuring the lengths of irregular coastlines. 1) Given a yardstick of length ε, walk the yardstick along the coastline. The number of steps multiplied by e is an approximate length L(e) of the coastline. For a coastline, when e becomes smaller, the observed length L ( e ) increases without limit. This method is based on approximating the curve with a polygon made from segments of length ε .
2) The shortest path on the land that is not further than ε from the water can be regarded as an approximate length L ( e ) of the coastline. This method discriminates between land and water-a property Mandelbrot found undesirable. However, this discrimination between sides of curves or surfaces will be found t o be useful for some texture properties.
3) Consider all points with distances t o the coastline of no more than e. These points form a strip of width 2e, and the suggested length L ( e ) of the coast is the area of the strip divided by 2e. Here, too, as ε decreases L(e) increases. 4) Cover the coastline with the minimal number of disks of radius E , not necessarily centered on the coastline as in c). Let L ( E ) be the total area of these disks divided by 2e.
Mandelbrot reports studies that show that for many coastlines where F and D are constants for the specific coastline. He called D the "fractal dimension" of the line. Note that for a straight line D = 1, and F is the true length of the line. For fractal curves, D is independent of ε, and when one plots L ( E ) versus ε o n log-log scale one gets a straight line with slope 1 -D.
When D varies with e and is not a constant, the above plot will not be a straight line.
B. Measuring Surface Area
To compute the surface area, approach c) above was adopted, as its surface extension seems t o be computationally efficient. In this extension from curve t o surface, all points in the threedimensional space at distance ε from the surface were considered, covering the surface with a "blanket" of thickness 2e. The surface area is then the volume occupied by the blanket divided by 2 e . The covering blanket is defined by its upper surface u, and its lower surface b,. Initially, given the gray level function
3, --, the blanket surfaces are defined as follows:
and (3) The image points ( m , n ) with distance less than one from (i, j ) were taken t o be the four immediate neighbors of ( i , j ) . Similar expressions exist when the eight-neighborhood is desired. A point ( x , y , f ) will be included in the blanket for ε when b,(x, y ) < f < u , ( x , y ) . The blanket definition uses the fact that the blanket of the surface for radius E includes all the points of the blanket for radius ε -1 , together with all the points within radius 1 from the surfaces of that blanket. Expression (2), for example, ensures that the new upper surface u, is higher by at least 1 from u , -~, and also at distance at least 1 from u,-~ in the horizontal and vertical directions.
The volume of the blanket is computed from u, and b , by (4) A one-dimensional illustration of the expansion process is shown in Fig. 1 .
As the surface area measured with radius e we take the volume of the added layer from radius ε -1 , divided by 2 t o account for both the upper and lower layers:
This definition deviates from the original method in Section II-A, which suggests that surface area be taken as u,/2e. This is necessary, since u, depends on all smaller scales features. Subtracting ue-l isolates just those features that change from scale E -1 t o scale ε. When a pure fractal object is analyzed, both definitions are identical since property changes are independent on scale, and measurements between any two different scales will yield the same fractal dimension. However, for nonfractal objects this isolation from the effects of smaller scale features is necessary. Definition (5) gives reasonable measures for both fractal and nonfractal surfaces.
The area of a fractal surface behaves according t o the expression (Mandelbrot [ When plotting A ( € ) versus ε on a log-log scale, one gets a straight line of slope 2-D. This curve does not have to be straight for nonfractal surfaces. The slope of A ( € ) on the log-log scale is of great interest, and for each gray level surface a "fractal signature'' S ( E ) is computed for each ε by finding the slope of the best fitting straight line through the three points (log(€ -I), 1))). For fractal objects S(E) should be equal to 2-D for all ε.
To test our definitions, we constructed a fractal surface as suggested by Mandelbrot [ 5] : a line was randomly placed over a plane dividing it into two half-planes. An arbitrarily chosen half-plane was elevated by 1. This process was iterated many times, and for the kth iteration the added elevation was 1 /@,
The resulting matrix was linearly transformed into the picture limits. Fig. 2 shows the resulting picture after 1 000 iterations, together with the area function A ( € ) and the fractal signature S(e), As predicted, A ( E ) is a straight line, and S(e) is almost a constant a t the value 0.51 giving a measured fractal dimension of 2.51. This value is very close t o the theoretical fractal dimension of 5/2 as given by Mandelbrot.
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III. TEXTURE ANALYSIS AND CLASSIFICATION
The magnitude of the fractal signature S(e) relates t o the amount of detail that is lost when the size of the measuring yardstick passes ε. High values of S ( E ) relate to strong gray level variations at distance ε. High values a t small e result from significant "high-frequency" gray level variations, while high values for larger ε result from significant "low-frequency" variations. Thus, the fractal signature S(E) gives important information about the fineness of the variations of the gray level surface, with n o need for artificial decomposition into harmonic frequencies as is done in Fourier analysis.
The fractal signatures have been computed for several texture pictures of size 128 X 128, and are displayed in Fig. 3 The weighting by log [(ε + $)/(e -+)I is due to the unequal spacing of the points in the log-log scale. These distances are shown in Table I between all pairs of texture pictures tested. A texture is identified with the closest signature, giving almost perfect results for the tested images. The relative attractiveness of these results is based on the relatively small number of texture descriptors. While only 4 8 features were used in our experiments, corresponding t o S ( E ) for ε = 2, * * * , 4 9 , this number can vary according t o texture properties.
IV. SYMMETRY ISSUES
When describing method b) for coastline measurement (Section II-A), Mandelbrot [ 5] criticizes it as being discriminatory between land and water; i.e., when reversing the role of land and water different length measurements might result. However, these very differences can reveal some important properties of the curve (or surface). Fig. 4 exhibits this asymmetry in length measurements.
Consider, for example, an image of light particles scattered over a dark background. When high gray level stands for white, the min operator of (3) will shrink the light regions corresponding t o the particles, and the rate of this shrinking will only depend on the shape properties of the particles. The max operator of (2), however, will shrink the background regions, and the rate of this shrinking will mainly be affected by the distribution of the particles.
To take advantage of this asymmetry, we divide our surface area measurements into two parts: measuring the area of the gray level surface when viewing it from "above" and measuring the area when viewing the surface from "below." We change the volume definition of (4) to the following two definitions of "upper volume" u+ and "lower volume" u-as follows:
The area expression (5) is also changed into "top area"AC and "bottom area" A -as follows: The distance as defined above is shown in Table II . This time, the classification results are all correct.
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V. DIRECTIONAL PROPERTIES All methods described so far are invariant t o texture direction. When directionality of the texture is of importance, the blanket growth in (2) and (3) could be made directional. Maximizing (or minimizing) in a circular neightborhood can be replaced by a nonsymmetric neighborhood. Directional analysis of the Brodatz "raffia" texture is displayed in Fig. 6 . In this case, the neighborhood consisting of the four immediate neighbors has been replaced by the following choices: 1) upper and lower neighbors; 2) left and right neighbors; 3) upper-left and lower-right diagonal neighbors; 4) upper-right and lower-left diagonal neighbors. The differences in the fractal signatures reveal the directional characteristics of the "raffia" texture.
VI. C ONCLUDING REMARKS
An approach t o analysis and classification of textures is described, based on scale varying surface area measurements as suggested by Mandelbrot for fractal objects. Although textures are mostly not fractal for the entire scale range, the change in these measurements proved t o be helpful in characterizing the texture. "Frequency" information about texture can be obtained directly in the spatial domain without need to use the frequency domain. As with almost any multiresolution approach, efficient implementation in pyramid data structures should be studied.
Applications of fractal analysis to textural problems of materials of industrial importance (e.g. adsorbents, catalysts) as well as comparison of this technique to surface-texture probing by absorption experiments [ 10] , [ 1 1 ] are in progress.
